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Abstract

It is well-known that certain learning methods (e.g., the perceptron learning algorithm) cannot
acquire complete, parity mappings. But it is often overlooked that state-of-the-art learning methods
such as C4.5 and backpropagation cannot generalise from incomplete parity mappings. The failure
of such methods to generalise on parity mappings is sometimes dismissed as uninteresting on the
grounds that it is ‘impossible’ to generalise over such mappings, or on the grounds that parity
problems are mathematical constructs having little to do with real-world learning. However, this
paper argues that such a dismissal is unwarranted. It shows that parity mappings are hard to learn
because they are statistically neutral and that statistical neutrality is a property which we should
expect to encounter frequently in real-world contexts. It also shows that the generalization failure
on parity mappings occurs even when large, minimally incomplete mappings are used for training
purposes, i.e., when claims about the impossibility of generalization are particularly suspect.

1 Introduction

The parity rule is easily stated (e.g., ‘the output value is true if and only if an odd number of input
values are true’) but it is surprisingly hard to learn by conventional methods. The reason is related
to the fact that parity mappings are statistically neutral. The probability (i.e., frequency) of seeing
some particular input value mapped onto some particular output in a parity mapping always turns out
to be the chance value of 0.5. This means that it is impossible to build successful rules which focus
on particular input values: any successful rule must attend to all the input values in order to get the
answer right in all cases.

For the machine learning researcher, the significance



The paper divides up into three main sections. The next section (section two) analyses the statistical
basis of the parity problem and clarifies its relationship with the wider class of statistically neutral
problems. Section three presents a task analysis of learning which leads to a basic distinction between
hard and easy learning problems. Section four shows how the class of hard learning problems are
statistically neutral in principle but not in practice and demonstrates how incidental, statistical effects
can be exploited by standard learning methods. Section five 1s a discussion and summary.

2 Statistical properties of the parity problem

In a parity problem we have a number of boolean input variables and one boolean output variable. The
input/output rule states that the output should be true just in case an odd number of input values are
true.! If there are just two input variables the problem is known as ‘Exclusive-OR’ (or XOR) since it
is effectively the rule that either of the inputs can be true, but not both.

It is well known that parity problems are statistically neutral [1]. This means that all conditional output
probabilities exhibited by a parity mapping have ‘chance’ values, i.e., that no input/output associations
exist. Consider the 3-bit (i.e., 3-input) parity problem, which can be written as a training set (using
1=true, 0=false) as follows.

r1 T2 X3 n
1 1 1 == 1
1 1 0 == 0
1 0 1 == 0
1 0 0 == 1
0 1 1 == 0
0 1 0 == 1
0 0 1 == 1
0 0 0 == 0

In Table 1 we see the unconditional and conditional probabilities for all input-variable instantiations.
Note that all the probabilities are exactly the chance value for a boolean value, namely 0.5. This is
a necessary consequence of the nature of the input/output rule. The frequencies with which we see
each of the two possible outputs when we put an input variable into a fixed state must always be equal
since there will be just as many cases of the unfixed variables which produce parity as non-parity.
Thus the output probabilities conditional on any particular input variable instantiation will always be
at the chance level. The statistical neutrality of the parity problem means that it cannot be solved
by statistical methods: any process of searching for dependencies between specific input and output
variables is of no benefit because such associations simply do not exist. Thus, the performance of any
learning method which exploits such processes is necessarily compromised on a parity problem. (This is
of course what makes the parity problem a challenging benchmark.) But interestingly, it turns out that
parity is not the only type of problem for which statistical neutrality is guaranteed. Any problem that
can be converted into a modulus-addition problem is guaranteed to be statistically neutral provided
that the number of possible values for any given input variable is equal to, or an exact multiple of
the number of possible output values. To show this we argue backwards from observations about the
statistically neutral training set.

1 Arguably, since the rule tests for an odd number rather than an even number, the problem should be called the
disparity problem.






T1 T2 T3 Y1

person consumes  heat = yes
person consumes electricity — no
person consumes moisture = — yes
person consumes silicon — 1o
person dislikes heat — 1o
person dislikes electricity — yes
person dislikes moisture — no
person dislikes silicon = yes
computer consumes heat —> no
computer consumes electricity —> yes
computer consumes moisture —> no
computer consumes silicon = yes
computer dislikes heat = yes
computer dislikes electricity =— no
computer dislikes moisture = — yes
computer dislikes silicon — 1o

We can confirm the neutrality of this training set empirically by tabulating the relevant conditional
probabilities. (Table 2 shows the complete set of probabilities which have a first or zeroth-order condi-
tion.)

] P(y1 =no|=) | Py =yes|=)
0.5 0.5
xr1 =person 0.5 0.5
xq =computer 0.5 0.5
ro =consumes 0.5 0.5
x9 =dislikes 0.5 0.5
z3 =electricity 0.5 0.5
x3 =heat 0.5 0.5
x3 =silicon 0.5 0.5
x3 =moisture 0.5 0.5

Table 2: Conditional output probabilities in consumer mapping.

2.2 Performance of learning algorithms on neutral magpings

The performance of learning methods that rely on the exploitation of statistical effects is necessarily
compromised on statistically neutral problems. Learning methods that rely solely on the exploitation of
statistical effects produce worst-case performance on such problems. Algorithms in the CART family
[2] are a case in point. ID3 [3,4] for example, constructs a decision tree by recursively partitioning
the training set until every pair in a given partition maps onto the same output value. At each stage
of the process, a new partitioning is constructed by dividing up the cases in an existing partition
according to which value they have on the variable whose values are most strongly correlated (within
the partition) with specific output values. This has the effect of maximizing the output-value uniformity
of new partitions and thus minimising (subject to horizon effects) the total number of hyper-rectangular



partitions required in order to achieve full uniformity. The algorithm is thus guided only by statistical
effects in the training data.

The implication is that ID3 should produce worst-case performance on parity profJ30.24020non



the entire mapping in the training data, and have thus not tested the algorithm’s ability to generalise
to unseen cases.> However, if we test backpropagation’s ability to generalise to one unseen case in, say,
the 4-bit parity mapping (i.e., we present 15 of the 16 cases as training data, and test generalization
on the one remaining case), then the results are unambiguously poor.

In an exhaustive empirical analysis, backpropagation was tested for its ability to generalise to one,
randomly selected unseen case in the 4-bit parity mapping. In this analysis a standard, two-layer,
(strictly) feed-forward network was used with the number of hidden units being varied between 3 and
80. Data were collected for 20 successful runs (i.e., achievement of negligible error on the training data)
with each architecture. The learning rate was 0.2 and the momentum value was 0.9.

The results are summarised in Figure 2. This shows the post-training mean error for seens and unseens
averaged over the 20 successful training runs which were performed in each architecture. The basic
error value used here is simply the average difference between the target output and actual output
produced. The graph shows negligible mean error for seen cases due to the fact that data were only
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poor for all architectures used, i.e., no generalization is achieved. (The fact that the generalization here
is significantly worse than chance is explained below.) For purposes of comparison we carried out an
identical analysis of backpropagation’s generalization performance on the consumer problem (holding
back one case as an unseen) and obtained qualitatively similar results, see Figure 3.
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Figure 3: Post-training mean-error curves for consumer generalization.

2.4 Why algorithms fail to generalise over neutral magpings

The dynamics of the backpropagation process are complex. Explaining its generalization failure on
neutral mappings is thus not straightforward. The simplest hypothesis may be that, despite its manifest
success in the acquisition of small, complete parity mappings [8] backpropagation relies primarily on
the exploitation of statistical effects and is thus unable to deal properly with neutral mappings. There
are several arguments in favour of this idea.

First, the backpropagation learning algorithm is a generalization of the least-mean-squares algorithm
[9] (and perceptron learning algorithm [10]) which is effectively an iterative method for deriving statis-
tical input/output correlations. Thus the backpropagation learning method is rooted in a method for
exploiting statistical effects. Second, the generalization performance observed in the 4-bit parity tests
tended to be much worse than chance. This result is explained if the algorithm is primarily relying



on statistical effects since the effect that is created when we delete one case from a parity mapping is
a correlation between input cases one Hamming unit away from the deleted case and the complement
of the output for those cases (i.e., the ‘wrong’ output). Thus if the algorithm exploits input/output
correlations then 1t will tend to always generalise ncorrectly from the minimally incomplete parity
mapping. The fact that it does do so tends to confirm the hypothesis that backpropagation primarily
exploits statistical correlations.

3 Relational problems are approximately neutral

It is sometimes argued that parity mappings are artificial, mathematical constructs and that we should
therefore not be too concerned if we find that our learning methods fail to generalise over them. Parity
mappings are hard to generalise because they are statistically neutral. But neutrality, or approximate
neutrality 1s actually a common property of challenging learning problems. In fact it should be obvious
that any learning problem with a complex, relational input/output rule (i.e., a rule which tests for a
relationship among the inputs) will have an approximately nearly neutral training set.

If the input/output rule is relational then we do not expect to see any associations between specific
input values and specific output values showing up in the training set. There is an association; but it
involves a relationship among the inputs. Thus, we should expect that any relational learning problem
will have a neutral target mapping. Unfortunately, the truth of the matter is less clear-cut. Relational
rules; in fact, do not guarantee neutrality. The way in which a particular relational rule is encoded






values (see Table 4).




3.1 Sparse codings amplify incidental effects

The fact that generalising incidental effects can be created through the encoding of the underlying,
relational rule means that we can sometimes turn a ‘hard’ learning problem into an ‘easier’ problem
simply by applying an encoding which maximizes the strength and range of generalising incidental
effects. A simple approach involves using a sparse coding in which each input variable records9dtal
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